In many applications a source of the blackbody radiation (BBR) can be highly anisotropic. This leads to the BBR shift that depends on tensor polarizability and on the projection of the total angular momentum of ions and atoms in a trap. We derived a formula for the anisotropic BBR shift and performed numerical calculations of this effect for Ca + and Yb + transitions of experimental interest. These ions were used for a design of high-precision atomic clocks, fundamental physics tests such as the search for the Lorentz invariance violation and space-time variation of the fundamental constants, and quantum information. Anisotropic BBR shift may be one of the major systematic effect in these experiments.
I. INTRODUCTION
The past five years brought remarkable improvements in both accuracy and stability of atomic clocks [1] [2] [3] [4] [5] . Development of ultra-precise clocks is important for a wide range of applications, including design of absolute gravimeters and gravity gradiometers for geophysical monitoring and research, gravity aided navigation, improved timekeeping and synchronization capabilities, tests of fundamental physics such as Einsteins theory of relativity, search for variation of fundamental constants through time, space, or coupling to gravitational fields, and exploration of strongly correlated quantum manybody systems [6] .
Performing fundamental tests with the atomic clocks and other precision atomic, molecular and optical (AMO) technologies leads to ever increasing requirements for the understanding and control of the systematic errors. Moreover, a number of novel fundamental physics AMO experiments including searches for ultralight (sub-eV) axions, axion-like pseudoscalar and scalar dark matter [7] [8] [9] and topological defect dark matter [10] have been carried out or proposed, requiring improved understanding of systematic effects in AMO systems.
One of the major experimental and theoretical problems in improving the atomic clock accuracy is a precision determination of atomic clock frequency shift due to blackbody radiation (BBR). In recent experimental works [1, 3] with 87 Sr optical lattice clocks, the blackbody radiation was identified as the primary source of clock's uncertainties. A number of measurements and thorough analysis of all systematic effects led to reduction of the Sr clock total uncertainty to the level of 2.1 × 10 −18 in fractional frequency units. However, 65% of the clock uncertainty budget was still due to the BBR shift [1] .
A number of other experiments with trapped ions and atoms are sensitive to the BBR effects, including recent tests of local Lorentz invariance (LLI) violation in the electron-photon sector with trapped Ca + [11] ions. Theories aimed at unifying gravity with quantum physics suggest that Nature violates Lorentz symmetry at the Planck scale while suppressing its violation at experimentally achievable energy scales [12] . The minimal O(1) suppression may lead to Lorentz-violating effects appearing beyond 10 −17 sensitivity level, determined by the ratio of electroweak and Planck scales. Thus, high-precision experiments with atomic systems [11, 13] provide an important route to search for Lorentz violation at low energies. The LLI experiments with trapped ions may be particulary sensitive to anisotropic BBR shift since they are based on monitoring the energy difference between different Zeeman substates as described below. In these experiments, anisotropic BBR shift may become a limiting factor for the ultimate accuracy of the Lorentz violation tests in the electron-photon sector [14] and this work is strongly motivated by these fundamental studies. BBR effects may also become a source of decoherence in larger-scale quantum information experiments with trapped ions due to a change in the environmental temperature or temperature gradients during the computation.
Calculations of blackbody radiation shifts are usually done assuming that the BBR radiation is isotropic.
A detailed consideration of the isotropic BBR effect in conventional electric dipole approximation was carried out in [15] . Multipolar theory of isotropic BBR shift of atomic energy levels (as well as its implications for optical lattice clocks) was developed in [16] . However, in practice the source of BBR can be highly anisotropic and even may have a small angular size. As a result, a lot of experimental efforts is required to make the BBR field uniform and with a known temperature [1, 3, 17] . For this reason a proper calculation of the anisotropic BBR shift is necessary. Also, this effect can be of interest by itself as a physical phenomenon. We note that the problem of anisotropic BBR effect, discussed in the present work, does not arise in experiments with alkaline-earth atoms aiming to create an atomic clock in the 
II. GENERAL FORMALISM
The isotropic BBR shift of an energy level is proportional to scalar static polarizability of this level [15, 16] . In the case of anisotropic blackbody radiation, an additional contribution that depends on the projection of a thermal photon wave vector k to the z axis arises. We show below that it is determined by the tensor polarizability of the level. This contribution is particularly important when we consider BBR frequency shift of a |JM -|JM transition, where M and M are the projections of the total angular momentum J to the z axis, and we assume J and M to be good quantum numbers for the atomic states. The scalar polarizabilities of the Zeeman substates |JM and |JM are practically identical differing only due to a very small difference in the energy denominators. As a result, the isotropic BBR frequency shift is completely negligible in this case. In contrast, the anisotropic BBR shift of the energy level depends on M 2 and can be noticeably different for the different M substates. The same issue arises for the hyperfine states with different M F .
Such a systematic effect arose in a recent recordhigh precision experiment aimed at the search for local Lorentz invariance violation in the electron-photon sectors using a superposition of two Ca + ions [11] . In the experiment, the energy difference between the M = 1/2 and 5/2 substates of the 3d 2 D 5/2 multiplet, monitored over 23 h served as a probe of Lorentz-violating effects.
The anisotropic BBR shift produces a differential shift between M = 1/2 and 5/2 states mimicking the Lorentzviolating effects. Thus, anisotropic BBR is an important systematic effect. It was demonstrated in [14] that a factor of 10 5 higher sensitivity to Lorentz violation may be achieved with a similar experimental scheme with Yb + by monitoring the (4f
Since this experiment will probe LLI at much higher sensitivity, study of anisotropic BBR is needed as it can be a major systematic effect for such an experiment.
We note that singly ionized ytterbium 171 Yb + with ultranarrow optical
transitions is also being pursued for a realization of an optical atomic clock and search for the temporal variation of the fine-structure constant α and the proton-to-electron mass ratio m p /m e [4, 5] .
The problem of anisotropic BBR shift of energy levels is practically unexplored so far, but may cause systematic effects in a variety of experiments. In this work, we derived a general formula for the BBR shift of an energy level produced by a point-like source. A generalization to a finite source is obtained by integration over angles of emitted thermal photons. The result is expressed in terms of the scalar and tensor polarizabilities of the atomic level. We also performed numeric calculation of the BBR frequency shifts for the Ca An interaction of an atom in the state |0 with the electric field of a thermal photon emitted to a solid angle dΩ leads to a blackbody radiation shift of an energy level. After integration over photon frequency, the BBR shift of the energy level |0 can be written as
Here, we use a three-dimensional transverse gauge for photon polarization µ = (0, ) with polarization normalized to the unit. Since photons are transverse, in this gauge k = 0. The elements of the symmetric tensor α ik are defined as
where d = −r is the electric dipole moment operator and ω m0 ≡ E m − E 0 is the difference between energy levels of the intermediate and |0 states. We use atomic units, i.e., |e| =h = m e = 1. An explicit form of the factor A is not important for the following derivation and we will restore it later.
In the following we discuss only BBR effect caused by the electric field. The BBR caused by a magnetic field was considered in Ref. [18] for a number of monovalent ions and proved to be negligible. Using the multipolar theory of blackbody radiation, developed in [16] , one can show that for the transitions in the Ca + and Yb + ions, which will be discussed below, this effect can also be neglected.
The electric dipole static polarizability of an atom in the state |0 is defined as
It can be conveniently decomposed into scalar and tensor parts: α pol = α s + α t with the scalar polarizability α s given by
The summation over photon polarizations in Eq. (1) is carried out using
The BBR shift in our case depends on the angle θ between the direction of the photon momentum k and the quantization axis z, defined by the direction of the magnetic field. It is convenient to choose the vector k in the xz plane, i.e., k y = 0. Taking into account Eq. (4) and noting that the product of the matrix elements 0|d x |n n|d z |0 = 0 and, respectively, α zx = α xz = 0, we obtain
Accounting for the fact that α xx = α yy and, hence,
we express dE/dΩ through α s , α t , and cos 2 θ. After simple transformations we arrive at
where A = 2A. The factor A can be easily determined, if we note that after integrating over dΩ = sinθ dθ dφ the second term in Eq. (6) disappears and we obtain ∆E = 4πA α s . On the other hand, we have to arrive at the standard formula for isotropic BBR shift which, neglecting dynamic corrections, is given by [16] 
where the temperature T is given in a.u.. Finally, we obtain
Here we represent the tensor part α t by
where α 2 is the tensor polarizability of the state |0 . It may be instructive to present a different derivation of Eq. (6), starting again from Eq. (1). Assuming the polarization vectors 1,2 to be real we can write
Taking into account that α xx = α yy and using the normalization condition 
where θ i is the angle between the photon polarization vector i and the z axis. Summing up over index i in Eq. (10), and using condition
which is valid because the vectors 1 , 2 , and k are mutually orthogonal, we arrive at Eq. (6).
III. ANISOTROPIC BBR SHIFT FOR
We now apply Eq. (7) to the case of a |JM − |JM transition between the ionic or atomic Zeeman sublevels. As we discussed above, the isotropic BBR shift, proportional to the scalar part of the polarizability, is very small for such a transition because it results only from a small difference between |JM and |JM energy levels. The main effect comes from the tensor part of the polarizability.
Using Eqs. (7) and (8) we write the |JM − |JM transition frequency BBR shift dE t as
Integration of Eq. (12) over fixed solid angle Ω 1 leads to the BBR shift, corresponding to a maximal anisotropy 100%, when the BBR is emitted to this solid angle and there is no BBR from the remainder.
Let us consider a more realistic case when a certain portion of photons is emitted to the solid angle Ω 1 at the temperature T 1 and another portion of photons is emitted to the solid angle Ω 2 at the temperature T 2 , so that Ω 1 + Ω 2 = 4π. The corresponding differential BBR shifts, which we designate as dE Then, the total BBR shift can be found as
Performing integration in Eq. (13) over azimuthal angle ϕ from zero to 2π and over θ from zero to a fixed value θ 1 , we obtain
As seen from Eq. (14) In a recent paper [11] , the
+ was used to search for Lorentz invariance violation at a level comparable to the ratio between the electroweak and Planck energy scales.
Using Eq. (14), we estimate the anisotropic BBR shift for this transition. The most accurate value of the tensor polarizability for the 2 D 5/2 state was obtained in Ref. [19] , α 2 = −24.51(29) a.u.. To illustrate dependence of the BBR shift from the temperatures T 1 and T 2 , we find ∆E t for three values of T 1 (500, 420, and 350 K) and T 2 = 300 K. Substituting these values in Eq. (14) , taking into account that for the room temperature 300 K (απ) 3 T 4 /20 ≈ 4.9069 × 10 −19 a.u., and expressing final results in Hz, we obtain
These dependences of ∆E t from the angle θ 1 in Ca Fig. 1 by three (blue) lines. As expected, ∆E t is equal to zero at θ 1 = 0 and 180
• . The angle θ 1 = 180
• corresponds to isotropic radiation. ∆E t also crosses zero when θ 1 is 90
• . This case corresponds to isotropic radiation in the upper hemisphere. The energy shifts due to the BBR effect are largest for θ 1 ≈ 55
• .
B. Anisotropic BBR shift for the
Recent work [14] identified several factors affecting the precision of the local Lorentz invariance tests with To estimate this BBR shift we need to evaluate the value of the tensor polarizability α 2 ( 2 F 7/2 ). We carried out calculations in the framework of 15-electron configuration interaction (CI) method, following the approach described in Ref. [20] .
The main features of this approach are briefly described below. All electrons are divided into the core and valence electrons. In our case [1s 2 ,...,5p 6 ] are the core electrons while 15 outer electrons belong to the valence subspace.
In the framework of the CI method we solve the eigenvalue problem
where the many-electron wave functions Φ belong to the valence subspace and are presented as a linear combination of Slater determinants,
The CI Hamiltonian can be written as
where N core is the number of core electrons, E core is the energy of the core which includes kinetic energy of the core electrons, Coulomb energy of their interaction with the nucleus and potential energy of the core-core electrostatic interaction. Using formalism of the reduced matrix elements we can write the expression for the tensor polarizability of the state Φ 0 with total angular momentum J as [21] 
where J n is the total angular momentum of the intermediate state Φ n . A direct summation over all intermediate states in Eq. (19) requires a knowledge of the complete set of eigenstates of the Hamiltonian (16) . Practically, this is impossible when dimension of a CI space exceeds few thousand determinants, as in our case. To find the electric dipole tensor polarizability of the 4f 13 6s 2 2
we use the method of solution of an inhomogeneous equation, described in detail in [21] . The random-phaseapproximation corrections are also included. The result of our computation of the tensor polarizability is α 2 ( 2 F 7/2 ) ≈ −2 a.u.. Using this value and T 1 = 450 K and T 2 = 300 K, we obtain from Eq. (14) ∆E t ≈ −0.015 cos θ 1 (1 − cos 2 θ 1 ) Hz.
The dependence of ∆E t on the angle θ 1 is shown in Fig. 1 by a (red) + . Therefore, the anisotropic BBR shift is strongly suppressed for transition between substates of the Yb + 2 F 7/2 multiplet, and for T 1 = 450 and T 2 = 300 K its maximal (absolute) value at θ 1 ≈ 55
• is equal to 5.8 mHz.
To conclude, we derived the formula for the anisotropic BBR shift of an energy level and performed numerical calculations of this effect for Ca + and Yb + transitions of interest for study of Lorentz violation. We demonstrated that this effect strongly depends on the magnitude of the tensor polarizability of the level. In high-precision experiments, the anisotropic BBR can be a major systematic effect that should be specifically addressed in determining experimental uncertainties. 
